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Abstract. The Filled Function Method is an approach to finding global minima of multidimensional
nonconvex functions. The traditional filled functions have features that may affect the computability
when applied to humerical optimization. This paper proposes a new filled function. This function
needs only one parameter and does not include exponential terms. Also, the lower bound of weight
factor a is usually smaller than that of one previous formulation. Therefore, the proposed new
function has better computability than the traditional ones.
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1. Introduction

Studies on global optimization for non-convex nonlinear programming problems
have been significantly accelerated since the two volumes ndroedrds Global
Optimization; edited by Dixon and Szeg6 ([3, 4]), were published. The recent
progress in this field was reported by Horst and Tuy [10], Pardalos and Rosen [11],
Toérn and Zilinskas [13]. This paper concentrates on one of the approaches, the
Filled Function MethodFFM). Early studies on the FFM can be found in [5, 6 and
9].

The FFM is an approach to find the global minimizer of a multimodal function
f(X) on R", under the following assumptions:

1. f(X) is continuously differentiable;
2. f(X) has only a finite number of minimizers; and
3. f(X) > +o0as| X ||—> +o0.

Notice that the third assumption above implies the existence of a closed bounded
domainQ c R" such that contains all minimizers off (X) and the value of
f(X)whenX is on the boundary a® is greater than any values ¢fX) whenX is
inside 2. To introduce essentials of the FFM, let us define the following concepts:

DEFINITION 1.1. A basin of f(X) at an isolated minimize¥; is a connected
domain B; which containsX; and in which starting from any point the steepest
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descent trajectory of (X) converges td(1, but outside which the steepest descent
trajectory of f (X) does not converge t&;.

DEFINITION 1.2. A hill of f(X) at X; is the basin of- f(X) at its minimizer
X, if Xy is a maximizer off (X).

DEFINITION 1.3. A local minimizerX, is said to be higher thatx; if and only
if f(X2) > f(X1), and, for this caseB; is said to be a higher basin thaB;. In
this paper,B;, and B; denote all higher and lower basins than current basinof
f(X), respectively.

DEFINITION 1.4. A functionP(X) is called a filled function of (X) at X if

(1) X, is amaximizer of? (X) and the whole basi®B; becomes a part of a hill of
P(X);

(2) P(X) has no stationary points in ang,s; and

(3) Thereis a poinX’ in a B, (if such a basin exists) that minimiz&$X) on the
line throughX and X;.

In this paper, we will allow an infinite maximizer @t (X).
The FFM consists of two phases, local minimization and filling:

Phase 1 In this phase, a local minimizex; of f(X) is found. Any effective
technique, for instance, thariable metric methodcan be employed in phase
one.

Phase 2 In this phase, an argumented function called fihed functionis con-
structed. This function includeg(X) in its formulation and has a maximizer
at X;. Furthermore, it has no stationary points in aBys, and does have a
stationary point in &;. Phase 2 ends when such ¥pis found thatX; isin a
B,;. Then, the FFM reenters phase 1, withas the starting point, to find a new
local minimizerX, of f(X) (if such one exists), and so on.

The above process is repeated until the global minimizer is found.
Several filled functions have been proposed in the literature. Three popular ones
are (5, 6]):

PX,r,p) =exp(— | X — X1 |12 /p®/Ir + £(X)] 1)
GX.r,p)=—{p?Inlr + FXOI+ | X — X1 ||} 2
O(X,a) = —[f(X) — f(XD]expa || X — X1 |I") ©)

wherep = 1 or 2.r and p are adjustable parameters, amds an adjustable
positive weight factor. BotlP and G-functions require two adjustable parameters,
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which need to be appropriately iterated and coordinated each other, hence their
algorithmic realization is fairly complicated. For this reason, it is usually agreed
that the Q-function is better than the other two, since it involves only one ad-
justable parameter. However, tidefunction includes an exponential term whose
argument is the product of the weight factoand the norm. Aa becomes larger

and larger, as required to preserve the filling property, the rapid increasing value
of the exponential term will result in failure of computation even if the size of
the feasible region is moderate. In practice, this kind of ill-conditioning problem
frequently occurs. To make th@-function work, many additional cares must be
incorporated into the algorithm [8]. It is obvious that the exponential term ithe
function has seriously limited its applicability to the practical global optimization
problems, especially those raised from engineering.

In this paper, a new filled function, called tti&function, is proposed. We will
show that theH-function is of superiority over previous ones. In Section 2, the
H-function is defined and its filling property is proved. Then the computability
of the H-function is discussed in Section 3. Next, in Section 4, an algorithm is
presented. The results of numerical experiments for testing functions are reported
in Section 5. Finally, conclusions are included in Section 6.

2. H-Function
The H-function is defined as:
HX)=1/In[1+ f(X) — fXD]—all X — X1 |I? (4)

wherea is a positive real used as the weight factor. Notice that, upon entering
phase 2 of the FFMf(X) > f(X;) has held already by the definition &f;.
Consequentlyf (X) > f(X;) — 1 and this ensures the existencebfX). During
phase 2, the iteration process always checks the function value of current iteration
point first. If at someX, we obtain f (X;) < f(X1), thenX; is in a lower basin
than B; already. Phase 2 ends right’t and the FFM reenters phase 1 by starting
from X;.

The filling properties off (X) are exhibited by the following theorems.

THEOREM 2.1. Givend € R" and f(X) > f(X1), if

d"Vf(X)>0,d" (X —X1) >0 ()
or

dTVf(X)>0,d'(X—-X1) >0 (6)

then d is a descent direction &f(X) at point X.
Proof. It follows from (4) that
d"V f(X)
(n1+ f — fOIPA+ f - f1)

d"VH(X) = — { + 2ad" (X — Xl)} (7)
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where f — f; stands forf (X) — f(X1) (throughout the following). Therefore, the
conditions given guarante VH (X) < 0. O

THEOREM 2.2. Given f(X) > f(X,), and

d"Vf(X)<0,d"(X-X1)>0 )
if
T
72T x - X1>[In(1d+vff—o?1>]2(1 T A ©
thend is a descent direction dff (X) at point X.
Proof. Under the given conditions, the value of (7) is negative. O
THEOREM 2.3. Given f(X) > f(X1), and
dTVf(X)<0,d"(X -X) >0 (10)
if
a < a(X) (11)
thend becomes an ascent direction B X) at point X.
Proof. Under the given conditions, the value of (7) is positive. O

THEOREM 2.4. Itis possible that (11) holds.
Proof. ¢;(X) — +o0 as f(X) > f(X;) and f(X) — f(X1), hence (11)
holds. O

Now we give some remarks to the theorems presented above. The filling prop-
erty of a filled function is mainly characterized by Theorems 2.1, 2.2 and 2.3.
Theorem 2.1 exhibits that in the ascent region of the current basin Ei.g or
a higher basin thamBy, d is always a descent direction &f(X). Theorem 2.2
exhibits that in the descent region of a higher basin tBand is still a descent
direction of H (X) provided that the weight factar is sufficiently large. In other
words, Theorems 2.1 and 2.2 together exhibit the desired filling propefl/( &f.
Furthermore, Theorems 2.3 and 2.4 indicate that, in a lower basinrBhahmay
become an ascent direction &f(X) and this possibility does exist. Therefore,
under the assumption thgt X) is continuously differentiableH (X) must have a
stationary point along.

From its definition, theH-function appears more applicable to computational
assignments, because (1) it does not include exponential terms; (2) it needs only
one parameter. In addition, the lower bound of weight fagts usually smaller
than the case of-function (see Section 3).
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3. Analysis on Weight Factora

It has been described in Section 1 that the weight factplays a crux role in a
filled function. Theoretically, the value af must be sufficiently large to preserve
a desirable filling capability. Computationally, the valueao$hould be small to
make the numerical procedures healthy. Therefore, a filled function is a robust one
if the value ofq;(X) is small given a particulak. In this section, we compare the
H-function with theQ-function in terms of the lower bound af

Letd € R", then it follows from (3) that

d"VO(X) = —exp()ld"V f(X) + 2a(f — fod" (X — X1)] 12)

where exp-) stands for exfz | X — X1 ||?). Consequently, with the same condi-
tions as given in Theorem 2.2, if

—d"Vf(X)
a > =
2(f = fod" (X — X1)
thend is a descent direction @ (X) at pointX, because such ansatisfying (13)

ensures thai’ VO (X) < 0.
Next, consider the ratio af, (X) to a;(X):

ag(X)/a(X) = [INA+ f = fPA+ f = f)/(f = f) (14)

It will be noted that (14) monotonically increases with argumght- f1). Con-
sequently, iff — f1 > 1.1, theng;(X) is always less than,(X). This implies
that, even with a small weight factat the H-function preserves the desired filling
property.

ay(X) (13)

4. An Algorithm

We have seen that the weight parametgqalays a crucial role in filled functions.

This parameter usually needs to be estimated through trial and error. It is possible,
however, to develop a closed-form formula to update X € R?. In this case, (9)

can be converted to the following form:

g £ fl(Xy) |
21X, — X1 | (A4 f = folln(d+ f— fD)]I?

where f — f; stands forf (X,) — f(X1), € > 1, and subscript corresponds to the
termination pointX; of phase 2 in the last cycle.

The filling process works as follows: Initially, we set= ag > 0. Suppose that
this value ofa is not large enough so that the termination pdiitis in a higher
basin thanB;. In other words, at the end of phase 1 of the second cycle, a new
local minimizer of f(X), X5, is found such thayf (X2) > f(Xy). If so, we enter
phase 2 again and use (15) to update the weight facéod still repeat the same

(15)
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procedure of minimizingd (X) as that in the first cycle. This time when iteration
arrives to theX,, (15) will maked a descent direction aff (X).

In the rest of this section, we present an algorithm for unidimensional global
optimization. The nomenclature in this algorithm is listed as follows:

D: the interval in which there is a global minimizer ¢f(X) (Notice thatD
corresponds to domai? mentioned at the beginning of Section 1)

a. the weight factor in the formulation of the filled function

X1: the found local minimizer off (X)

f1. the value of the objective function &t

X‘l’: the initial value ofX,, used for the iteration purpose. It is advisable to select
one of the end points db asX?

2. the value off (X9), used for the iteration purpose

Xo: the initial point to start phase 1 of the FFM

X.: the initial point to start phase 2 of the FFM

3: asmall positive real number used to construct the starting point of phase 2

The algorithm is described as follows:

Step Q SpecifyXo, a, andD. X{ — X3. ) — fi.

Step 1 Enter phase 1 of the FFM. Activate the minimization procedure to minim-
ize the objective functiory (X), starting fromX,. Find a local minimizer
Xmin- If f(Xmin) < f1, thenXmin — X1 and f(Xmin) — f1; otherwise,
use (15) to update.

Step 2 Enter phase 2 of the FFMK; + § — X..

Step 3 Use X; anda to construct arff-function. Minimize thisH -function with
X, as the starting point.

Step 4 Continue the down-hill search. Arrive at poikit

Step5 1. If X reaches the right end point &f, thenX; — § — X, and go to

Step 3;

2. If X reaches the left end point éf, then taking the smallest minimum
as the global one. Stop.

3. If f(X) < f(Xy1),thenX — X and go to Step 1;
4. If X is a minimizer of theH -function, thenX — Xy and go to Step 1;
5. Go to Step 4.

It should be emphasized that this algorithm does not weaken the deterministic
attributes of the FFM, as in the case &f € R! there are only two possible
search directions, i.e., the positive and negative directions oXtlagis. For the
multidimensional case, eve € R?, schemes based on probabilistic approaches to
choose search directions for the filled function are needed, as Ge and Qin described
in [5].
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5. Numerical Experiments

The significance of a new optimization method depends after all on the effect-

iveness of solving practical problems. Several testing functions have been repor-
ted in the literature of global optimization. These functions are usually used to

evaluate the numerical performance of a new approach. In this section, a set of
well-recognized testing functions is described first, then the results of numerical

experiment are presented.

5.1. TESTING FUNCTIONS
Six-hump camel-badk = 2) [1]
fe(X) = ax? — 2.0x7 + x8/3 + x1x0 — Ax3 + 4x5 (=3 < x1, %2 < 3)
The global minima are (0.08983,0.7126) and £0.08983, 0.7126).
Branin (n = 2) [2]
f3(X) = (x2 — 1.27522 /7% + 5x1/m — 6)% + 101 — 0.125/7)cos(x1)
+10 (-5<x; <10, 0<x2 <15
The global minima are<{3.142, 12.275), (3.142, 2.275), and (9.425, 2.425).
Goldstein-Priceg(G-P) (n= 2) [4]
fo(X) =[1+ (x1+ x2 4+ D219 — 14x, + 3x2 — 14x, + 6xyxp + 3x2]
x [30+ (2x1 — 3x2)3(18 — 32x; + 1242 4 48x,
—36mx2 +27%)] (=3 < x1,x2 < 3)
The global minimum is (0;-1).
Rastrigin(n = 2) [12]
fr(X) =x% + x5 — cog18x) — coq18x)  (—=1< x1,x2< 1)

This function has about 50 minima.
The global minimum is (0, 0).

Shubert 11(n = 2) [6]

5 5
fs(X)=1>"i cod(i + Dxy + 1]} [Zi coq(i + Dxz + 1]

i=1 i=1
+ [(x1 + 1.42513% + (x2 + 0.80032F  (—10< x1,x» < 10)

This function has 760 minima. The global minimum4s1(42513,—0.80032).
Because of the large number of local minima and the steep slope around the global
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Figure 1. The Shubert function III.

minimum, the Shubert function Il has widely been recognized as an important

testing function. An illustration is given in Figure 1.
Sine-square (n = 6) [7]

frqr(X) ={10sirf(rx1) + (x, — 1)?
n—1
+ Y (5 = D1+ 10sif (i )l /n

i=1

This function has about 60 minima.
The global minimumis (1,1, 1,1, 1, 1).

Sine-square I(n = 6) [7]

fiq2(X) =(10sif(wy1) + (ya — 1)?
n—1
+ Y i — DL+ 10sif(ryi )l /n
i=1

yi=l4+x-D/4 (-10<x <10

This function has about 30 minima.

(-10< x; £ 10)
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Table 1. Numerical Experiments

H-function Q-function
Kf Kl Kf Kl

Six-hump camel-back 137 281 204 346

Branin 97 252 97 3640
G-P 358 502 280 1059
Rastrigin 275 616 118 3589
Shubert 111 395 558 NF
Sine-square | 784 2387 NF
Sine-square |l 113 1716 NF
Sine-square Ill 1350 4164 NF

The global minimumis (1,1, 1, 1, 1, 1).
Sine-square ll{n = 6) [7]

frga(X) ={sirP(3mx1) + (x, — D[ + SirP (2 x,)]
n—1
+ Y (5 — DL +sirP@rxi)]}/10  (-10< x; < 10)
i=1

This function has about 180 minima.
The global minimumis (1,1, 1, 1, 1, 1).

5.2. RESULTS OF NUMERICAL TESTING

To evaluate its effectiveness, tté-function has been used to seek the global
minima of the testing functions described in the forgoing section. One of the repres-
entative traditional filled functions, th@-function, has also been tested. Identical
starting points were selected for both filled functions. The results of numerical
experiments are presented in Table 1, where:

K s — the total number of evaluations for the objective function and the filled
function when the global minimizer was found

K, — the total number of evaluations for the objective function and the filled
function when the algorithm terminated

N F — failed to find the global minimizer

The evaluation of an algorithm or a formulation of the filled function may
involve several layers of the concerned numerical procedures. It is believed, how-
ever, that the number of iterations should not be regarded as an appropriate index
[7]. This is because, in the down-hill searching process, the number of iterations
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is dependent on what particular methods are used for the lower layers, such as
unconstrained minimization or linear searching. Typically, there may be several
function evaluations per iteration, and it is these evaluations that consume the
major part of total execution time in practical problems. For this reason, we used
the total number of evaluations of the objective function and the filled function as
an appropriate measure for the performance of different filled functions. In terms
of K, and K, the results of numerical experiments presented in Table 1 imply
that the H-function is superior to thg@-function, especially, for the complicated
functions like the Shubert Il function, or the high dimensional functions like the
Sine-square functions. Consequently, it is reasonably to expedf thumction to

be well applicable to the usually complicated engineering optimization models.

6. Conclusions

The Filled Function Method is an approach to find the global minimum of mul-
timodal and multidimensional functions. Several filled function were reported in
the literature. These traditional functions, however, may lack desired computability,
due to either the exponential term or multiple parameters in their formulations. In
addition, these functions may require a large weight factor to preserve the filling
property. In numerical applications, all of these characteristics may lead to illness
of computation.

In this paper, a new filled function called thé-function is proposed. This
function requires neither exponential terms nor multiple parameters. Furthermore,
the lower bound of weight factar is usually smaller than that of one previous
formulation. Therefore, théf-function seems more applicable to computational
assignments, and this was partially shown in the reported results of numerical
experiments on typical testing functions.
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